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I. INTRODUCTION 



Recently, a new class of renormalizable models involving tensor fields over !7(1) have been highlighted [TH3]. They 
pertain to the "discrete to continuum" scenario for quantum gravity [JHE]- In their renormalization procedure, the 
multiscale analysis [7] led to a new kind power counting theorem and locality principle (using the correct extension 
of 1/JV expansion for higher rank theories [EJ[9]) shedding more light on anterior results in renormalization of matrix 
models [TDHI2]- At the perturbative level, Feynman graphs of these models are generated by vertices spanned by 
nonlocal interactions representing simplices glued by higher rank extension of ribbon propagators. 

Hence, in a broader sense, the models cited above belong to the class of models endowed with nonlocal interactions. 
Field arguments in the interaction term might be paired in many possible ways. Specific forms have to be physically 
motivated. For instance, in noncommutative field theory induced by noncommutative Moyal field algebra, four fields 
interact in a region (a parallelogram) the area of which is the Planck length square [TO]- The recent tensor models in 
^[2] possess interactions of the form of 3 and 4-simplex which generate, through a path integral formalism, simplicial 
pseudo-manifolds in 3D and 4D. They should be regarded as the higher rank extension of the celebrated matrix models 
[13j or rank 3 tensor models |14j with a bonus: the genuine feature to be renormalizable. 

In nonlocal field theory, it could happen that the interaction is of a particular form that can be called "partially 
cyclic" , namely, in the interaction pairing, a tensor field only share (at least two) arguments with at most two other 
fields (a "totally cyclic" or simply "cyclic" interaction would be an interaction having this property valid for all fields 
which define it). Roughly, consider some tensors T % and an interaction I = [k] in T 2 ^ T 3 ^ . . . , 

where [J] and [K] are block indices or arguments and a simpler interaction of the form / = y\ k T 1 ^ T 2 ■ k T 3 k 

. . . . It is natural to ask: how starting from /, one ends up with / and what is the main feature of the reduced model 
described by I? A quantum field theory being not only defined by interactions what implications has such a reduction 
on the dynamics? These questions might be very intricate and, more to the point, even more complex if one would 
like to preserve some nice properties (for instance renormalizability or symmetry aspects) of the initial theory. 

In this paper, we show that, at least three particular classes of tensor models equipped with cyclic interactions 
can be projected back to reduced rank models and, reciprocally, any tensor model of this kind can be extended to a 
higher rank tensor model with a cyclic interaction in a sector. During the process, we are able to identify new classes 
of renormalizable models (at all orders). If the projection and extension of these models can be somehow understood 
cither by dividing or by multiplying the number of indices, what we actually show is that this mapping preserves the 
renormalizability of the starting model. The proof is established starting from the rank 3 tensor model of [2J, the 
Grosse-Wulkenhaar (GW) model in 2D [TJ] and 4D [TT], and, from these, the universal feature of our formalism can 
be easily inferred. The interpretation of the reduced or extended models in terms of the initial model framework will 
be discussed elsewhere. We stress also the fact that the projection-extension mechanism can be used to reduce a piece 
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of the rank 4 model of [T] but cannot reduce the entire interaction to a matrix interaction. Hence, there are actually 
renormalizable models which are not partially cyclic. 

The plan of this paper is the following: In the next section, we discuss slightly in detail, as a test of the above 
ideas, the rank 3 renormalizable model of [3j and its reduction to a new matrix model. The reasons why the reduced 
model is renormalizable are determined. Section IlIII is devoted to the identification of new families of tensor models 
issued from GW models in 4D and 2D which should not be considered as belonging to the same family according to 
our mapping. We infer the existence of three different families of renormalizable models (rank 3 tensor, GW 4D and 
GW 2D models) having three different renormalizable matrix models as roots. Interestingly, the rank 3 tensor model 
"lies in between" (in some sense) the GW 4D and GW 2D models. 



II. MATRIX ANALOGUE OF A RANK THREE TENSOR MODEL 

Consider the model as defined in [5] henceforth called T3 model. Fields ip : i7(l) 3 — > C can be equivalently described 
after Fourier mode decomposition as tensors (/?r p i, [p] = (pi,P2,P3), Pi € Z. We will restrict the discussion for positive 
mode fields, i.e. tensor fields satisfying the symmetry 

L Ppi,P2,P3 — f-Pl,P2,P3 = ( Ppi,~P2,P3 ~ fpi,P2,-P3 ' (1) 

Thus, we will consider only fields such that pi £ N, namely fields can be regarded as living in (f7(l)/Z2) 3 . Note such 
a restriction is made by sake of simplicity. Hence, such a prescription will have no consequence on the subsequent 
analysis (this point will be emphasized later on). 

Using now these tensor components such that <Pp lt p 2}P3 € C, Pi € N, the T3 model possesses a kinetic term given by 

3 

&T3 ~ ^ V'pi ,P2 ,P3 ( Ps + (A Vpi ,p 2 ,P3 ' (2) 

Pj s=l 

with some mass /z, associated with a propagator C([pj]; \pi\) = Yli=i &Pi>Pil ( ELi Ps + ^) an d a V 4 interaction of the 
form 

= / j fpi,P2,P3 &Pl',P2,P3 Ppll ,P 2 ',P 3 / Vpi,P 2 ',P3i ■ (3) 

Pi 

Propagator and vertex are given in Figfl] Note that the T3 model as introduced in [5] involves more interactions. 



FIG. 1. Propagator and vertex of the type (p 4 in rank 3 tensor model. 

Nevertheless, an important feature of this model is that the flow of each interaction does not generate any other 
coupling than itself. The Rcnormalization Group (RG) equations at the first order of perturbation theory have 
displayed this property [2] however a simple proof of this claim will be given below. Thus, given this feature, we will 
restrict to the renormalizable model with the unique interaction ([3|. 

A striking feature of the interaction |3]) is that it can be mapped to a pure matrix interaction using any bijection 
a : N 2 — >• N. Indeed, consider the following field redefinition^] 

<Ppi,P2,P3 >-> fiptn, Pl=P, &(P2,P3)=n (4) 



We reduce the (p2, P3)-momentum sector according to the fact that the interaction is cyclic with respect to this couple of indices. 



to which, given a(p, q) — n and its inverse noted as a 1 (n) = p and a 2 (n) = q, corresponds the following transformed 
actions 



S T3 = E [P + Vi 1 in) +a 2 1 (n) + fij Pin , 



p.n 



Qint 

D T3 — 



E 



"Pi,ni Vp2,"l 'rp 2 ,n 2 Vpi,n 2 



(5) 
(6) 



Px,P2,ni,n 2 




FIG. 2. Propagator and vertex in the reduced matrix theory. 

The interaction ^ is clearly of the matrix kind and cannot generate by RG flow any other coupling than itself. 
It can be represented in the ordinary form of Fig(2j Since this is still the same model, the renormalizability of the 
model ([5])-@ is guaranteed. However, it can be instructive to scrutinize again the behavior of the propagator in this 
reshuffled basis. To this end, using Schwinger's kernel and N n = a± (n) + a% (ri), we write the slice decomposition 
of the propagator kernel in the standard way of [7] as 



C(p,n) = 
C\(p,n) - 
C (p, n) 



p + N n + v 



to e-«CiH-Ar»+/*) j 



(7) 



for some large constant M € N, K > and 6 > 0. One has C = J2iLo ^i- Hence, a slice i 1 probe high momenta. 
A UV cut-off can be introduced such that C A — J2t=o Ci and the UV limit is obtained by taking A->oo. 

In particular, the standard choice a for a is defined by ordering the pairs of integers (p, q) in N 2 along the diagonal 
(at constant p + q) and numbering them from bottom to top, as illustrated in Figj3] 
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FIG. 3. On the left, the bijection a labeling all pairs of integers and mapping N 2 onto N, and on the 
right its generalization to a bijective map from Z 2 onto N. 



Explicitly, this map reads: 



(8) 



and its inverse can be characterized as 

CT _1 (n) = (p,q) £ N, N = p+q, N(N + 1) < 2n < N(N + 3) , q = 2n - N(N + 1) , p = N-q, (9) 

where the inequality uniquely determines N — N n € N. We denote <j^ l (n) = p and cr^ -1 (ri) = q. It can be easily 
shown that the following (optimal) bounds holds: 



V9 + 8n - 3 < < VI + 8n - 1 
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(V9- 



Hence, for large n, 



3) 



2 ^2 

< 

~ 2 



< P 2 + q 2 < 



(p + q) 2 = N 2 



< 



< 2n. 



(10) 



'2n - 



< V2n 
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< N < 



s/l + 8n - 1 



< V2n, 



(11) 



the approximation N ~ \/2n is correct. We could of course introduce another choice of bijection between N 2 and N, 
but the map a is, in some sense, the most compact choice for which we have a natural simple estimate of N = p + q 
in terms of n = cr{p, q). For a more general map, we would reshuffle the labeling of points (p, q) £ N 2 by the integer 
n, which would lead to a more random behavior of N that would wildly fluctuate away from y/2n. 

Let us point out that we can easily adapt our analysis to Z 2 and introduce a generalized map a : 1? — > N as shown 
in Fig[3j labeling points (p, q) € I? along the "circles" of constant N = \p\ + \q\. This would lead to a similar behavior 
of N scaling proportionality to y/n. This also sustains the fact that we could have let all field modes pi € Z (without 
assuming any symmetry ([I])) and still the analysis will be valid. 

Coming back to the propagator and using the fact that there exists a constant k such that k^/n < N (for instance 
N is larger than \Jnj2 as soon as n > 2), we get the following bound on the sliced propagator: 



Ci(p,n) < KM- l e- s ' M '(P+V^+m) 



(12) 



We can now infer that there is a new model that we will call <rT3 with the same interaction Sip^ 



following kinetic term 



and the 



m ) (j). 



(13) 



such that the action S — 



(A/4)Sj?3 is renormalizable at all orders of perturbation theory. 
Due to the particular form of the propagator and vertex (a product of delta functions in the momentum basis) , the 
divergences occurring in graph amplitudes in the above models come only from closed loops or internal faces (in the 
momentum basis). The amplitude of these faces can be recast as sums of the form: 



e~ SM * p = 5'M l + 0(M~ l ) 



-SM' 



ft = 8'M 21 + 0(M i ), 



(14) 



where 5 and 5' are some constants, and we consider large scale i 3> 1. 

We can now understand the main feature introduced the field redefinition. After monoscale expansion^] of the 
Feynman amplitude Ag = Ag-i of a given graph Q, the T3 model generates a crude power-counting yielding a 
divergence degree 0Jd{Q) = L{Q) + F int (Q), where L{Q) is the number of lines and Fi nt (G) the number of closed 
strands or internal faces of the graph Q [2|. We have Ag-i = KM luJd ^\ After mapping T3 — > aT3, one realizes 
that, from (12 1, each line I at scale %i provides a convergent factor of M~ %1 yielding, roughly, a convergent factor 
of M~ lL ^\ for a monoscale expansion. This is exactly similar to the situation of the T3 model. In contrast, the 
number of internal faces has been drastically reduced by merging the strands after the rank reduction. There are two 
types of internal faces: those indexed by pf in J^~ t (Q) (of cardinal _Fj~ t (Q)) which yield a divergent factor M" (14 1; 

'.+ t (Q)) yielding a greater divergent factor of M 2 " 1 from 



and internal faces labeled by ^/rif 
(14). The latter faces thereby compensate the missing faces after the tensor to matrix reduction and, from that, one 



in (G) (of cardinal JJ+ 



recovers the balanced power-counting theorem of the initial model. In symbol, we write: 

MS) = ~ L (S) + Fr nt (G) + 2F+ t (G) = -L(G) + F int (G) + F+ (G) < -L{Q) + 2F int (G) . 



(15) 



The bound by —L(G) + 2F[ nt (G) is, in fact, optimal since there are some configurations where F[ nt (G) = F^ t (G). 
Henceforth, we will use the divergence degree u>d(G) = —L{G) + 2F mt (£?). Note that the above contribution 2F ; ^ t (G) 
can be inferred either by straightforward calculations or understood from the fact that faces in J^L have to be simply 
regarded as double faces. 



2 A detailed multiscale expansion can be performed as well and the following will be valid. 
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It is worth mentioning that the detailed proof of renormalizability in the present setting would be an interesting 
task even though somehow beyond the scoop of this paper. Nevertheless, using the same techniques used in [1] and 
[2], we can recast (15 1 in terms of topological numbers as 

Vd(Q) =-V*~l [N c .t - 4] - % - 2(C d§ - 1) , (16) 

where V% is the number of mass renormalization vertices, gg is the genus of the closed colore eg graph PS EH Q 
extending the initial graph G, Cgg is the number of connected components of dQ the boundary graph associated with 

G (or collection of all "pinched" external faces; for a complete definition of Q and dQ, we shall refer the reader to 
PQ or [5]) and N ext is the number of external legs of Q. From (16), one realizes that the marginal graph category or 
log-divergent graphs (uJd(G) = 0) with N oxt = 4 are planar ones with C Q g = 1 and V2 = 0. They should correspond 
to a vertex renormalization. For N cxt = 2, there are two divergent categories: linearly divergent graphs (u)d{G) = 1) 
are those with, C g g = 1 and V2 = and log-divergent contributions with C g g = 1 and V2 = 1 which are subleading. 
These correspond to a mass renormalization and wave function renormalization for uid(G) = 1- The corresponding 
subtractions and proof that the divergent parts of AT ext -point functions are of the form of the initial Lagrangian terms 
can be performed in the way of [2] ■ Note that it is important that we have chosen a kinetic term of form p a + q@ for 
obtaining the correct wave function counterterms. We remark also that this power-counting is totally similar of the 
one of the GW model in 4D for which the renormalization procedure identifies as relevant graphs only planar graphs 
with one broken external face with at most four external legs |llj . 

There is a now a clear effect induced by the projection map. In the renormalization procedure of T3 [2J, the dominant 
contributions, at given N cxt = 4, 2, were specific graphs called "melonic'j^] [HI H3 HH] with melonic boundary graph 
DG having a unique connected component. However, a look on the divergence degree u)d{G) (16 1, one realizes the 
fact that dominant contributions should be melonic has been washed away and gets replaced just by a planarity 
condition. This can be indeed expected since the new model is a matrix theory which can only be sensitive to an 
ordinary planarity condition. The above discrepancy can be also explained by the fact that we have performed an 
approximation F^ t ~ F int and, from that, have used u>d(G) = —L(Q) + 2i 7 i nt (G)- Nevertheless, for melonic graphs 
Ffa t should be the one which contributes so that one would rather have a power counting much more restrictive and 
of the form 0Jd(G) = —L(G) + 2i 7, i „ t (G) so that many planar graphs would be cast away from being convergent with 
respect to this power counting. 



III. NEW CLASSES OF RENORMALIZABLE MODELS FROM PREVIOUS MODELS 



In this section, we use the above mechanism to reveal the existence of new renormalizablc models issued from 
well-known renormalizable higher rank tensor models. Even though the renormalizability of these new reduced model 
can be regarded as granted by the one-to-one map, the full-fledged proof of renormalizability in the new basis should 
be considered as an investigation on its own. We will provide the underpinning arguments of why the renormalization 
should hold. 



A. Classes of GW models 



The GW model is the first renormalizable model pertaining to both matrix models and noncommutative geom- 
etry |llj[12j. This model proves to be renormalizable at all orders by curing a previous undesirable effect called 
UV/IR mixing affecting renormalization procedure in noncommutative spaces [10 . The UV/IR mixing is simply 
removed by adding an harmonic term of the form fix 2 , where Q is an harmonic frequency, x = 2(0~ 1 ) ^ LU x^ , with the 
noncommutative structure given by [x^,x u ] = , x^ G M 4 . 

We will restrict the study to complex fields and will place ourselves at the self-dual point, fl = 1 for which, in the 
continuum, the kinetic term of the GW model is (—A + x 2 + fi), [i being some IR mass regulator, so that the model 



Colored graphs in the sense of Gurau 1 151 1161 are graphs defined by the path integral of the following action for rank 3 fields: 

3 

l,P2,P3^P3,P4,P5'Pp5,P2,P6 i Pp6>P4,Pl ^Pl ,P2 ,P3 ^P3 ,P4 ,P5 ^P5 ,P2 ,PB ^P& .P4 .PI ' 

(17) 

Pi O.—0 Pi 

where a = 0, 1, 2, 3 is referred to as the color index. Such a model admits an extension for arbitrary rank fields. 

Roughly speaking, a "melonic" colored tensor graph has all genera gj = for all of its pinched (or closed) jackets J. A jacket is a 
subribbon graph (inside the tensor graph) defined by a cycle of colors of the initial colored graph. In a rank 3 model, Q is a colored 
graph with 4 colors 0,1,2,3. There are three different jackets defined by the cycles (0123), (0132) (0213). Note that "melonicity" is a 
much more stringent condition than the planarity condition on the graph [9] [17] |18| . A melonic graph in dimension D is topologically 
homeomorphic to the S sphere, the converse is not always true. 



G 



becomes dual in momenta and positions. In 4D, the complex GW model is given by the action (Euclidean signature) 

mi 



>GW;iD 



d 4 : 



{^(x)(~(d„) 2 + x 2 + nMx) + X ^{x) * <j>{x) * 4>(x) * <l>(x)} , (18) 



where * denotes the Moyal star product. Since each field can be viewed as a rank 4 complex tensor <j>pq where 
p= (pijjJa) and q = (qy, q 2 ) G N 2 , the same GW action translated in the matrix basis reads [TTj 



4D 



E 



Pi + P2 + qi + Q2 + H 



E 



(19) 



m,n,p,g£N 2 



with the last interaction clearly of the cyclic form. Call this the GW^d model. 

The previous discussion leads us to consider a new rank 3 model, called ctGW&d, described by the following action^] 



'GW;4fl — 



2 E 



VP + qi + <?2 + fj- 



<Pn. 



E 



q,p 1 ^ / ^ Y7n,n rn,p rj?,*/ *rq,m 



(20) 



This model is renormalizable at all orders. The proof of this statement goes under the same arguments as previously. 
Indeed, using the mapping a in p-sector, i.e. <x(pi,P2) = P £ N, we redefine the field </y i( j- merely as p ,g-. One gets 
from ( 19 ) the reduced rank three action: 



SgW-AD = S' GW . AD = ^ E CT 1 1 ^ + CT 2 1 (P) + ?1 + «2 + M 



A 

V* + 4 



^ ^ ^m,n 0n,p &p,q ^q.rn • (21) 

m,pGN; n,q£N 2 



Note that both (20 1 and (21 1 share the same interaction. Moreover, in the slice i, the propagator kernel of both 
models can be bounded by 



Ci(p,n) < KM- l e - s ' M 1 (Vp+^+12+^) 



(22) 



It becomes immediate that aGW^n is renormalizable. A closer inspection on (22 1 shows that even though the number 
of faces of the reduced theory certainly decreases in p-sector, the amplitude of each face becomes twice greater in that 
sector ensuring again the renormalizability. 

Applying another reduction in the remaining sector q, we get finally a matrix model that we call <j 2 GWad given by 



Sg\VAD = \ ^2 4>p,q y/P + y/q- 



fl 



X 



E 



y m,n *rn,p Vpjq ^vq^m 1 



(23) 



p,gtEN m,n,p,q£N 

the propagator of which scales like the one of the following action 



Sgw;4D — S'q W . ad 



= \ E ^P'l (T i 1 (p) + < T 2 1 (p) + < 7 i 1 (q) + <j 2 1 (q) + [ i 



Up,q 



^ ^ (fim, n 4>n,p &p,q ^q.m (24) 



p,q& 



m,n,p,iy(EN 



and therefore u 2 GW^d is renormalizable at all orders. 

It is noteworthy that Sgw-,ad does not correspond to the action of the GW model in 2D, denoted GW2D1 which is, 
in fact, super-renormalizable. Indeed, the action of the latter model is given by [12] : 



S, 



GW\2D 



E 



2 /L^i r P'1 
P.96 



p + q + m 



A 



E 



PiQ. £ / j Vm,n H^n^p ^P-,q H'qjm • 



(25) 



Reshuffling now this action by using the inverse of a 1 in one sector, say q without loss of generality, a (q) — <f, we 
get a rank 3 (super-)renormalizable GW model: 



S G waD = S' GW . 2D = - ^2 "?W P + + A 4 



E 



^m,n Yn,p Yp,q Yq,m 



(26) 



m,p£N; n,gGN 2 



Note that, in the new action, the mapping a can be applied as well on the second couple of integers q, without loss of generality. Hence, 
combinatorially, we have two such oGW/±o models. 
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which can be related to the new a 1 GW2D model defined as 



S, 



GW-2D 



p + 1l + ll + V 



E 



y m,n rn.; 



(27) 



m,peN; n,q£F 



One can check that, using (10), that the propagators (26) and (27) have same behavior in a slice. In this specific 



instance, the fact that the number of faces in g-sector is increasing is merely compensated by the fact that each face 
will be associated with a less divergent factor of M - *' 2 . 

Applying now er -1 in the p-sector from (26 1, we can infer that the following rank 4 GW model which will be referred 



to as a GW 2 d is (super-)renormalizable as well: 



Saw-, 



2D 



Pi + P2 + ll + ll + M 



4>p,q ■ 



(28) 



It can be asked the continuum models underlying (20), (23), (27) and (28) and their relation to noncommutative 
geometry. At this point, an answer to that question is not clear. One can investigate the particular forms of the 
propagators which might lead to other interesting kinetic terms extending the ordinary (p, x)-duality which has led to 
the control of UV/IR mixing. Furthermore, if these actions do not find a clear interpretation in Moyal noncommutative 
field theory, they might be interpreted in some new context of nonlocal field theories. Indeed, in pQ, a rank 4 tensor 
model extending the above T3 tensor model has been proved to be renormalizable at all order of perturbation theory. 
Fields ip : t/(l) 4 -> C can be viewed as rank four tensors (pp 1 iP2 iP3 j p 4 , pi G Z. The kinetic part of this model is given 
by closely related to the kinetic part of (28). However, the interactions of these two models are different. In [T], one 



type of interaction is cyclic (hence can be recast in a matrix form) and another cannot be recast in terms of matrix 
trace. This makes the rank 4 non trivial with this respect. In summary, the type of renormalizable models introduced 
here might be significant in tensor field theory framework [5J. 



B. Families of renormalizable tensor models 



By iterating the procedure, we can generate three different families of renormalizable models related either to the 
GW models or to the T3 model. We establish that, for the three models, 

T3 Class : ► a~ n T3 -> > <7 _1 T3 -> T3 -> aT'i ; 

GW iD Class : > cj- n GW iD -> > <j- 2 GW iD -> a^GW^o -> GW iD -> aGW iD -> a 2 GW iD ; 

GW 2D Class : > a- n GW 2D -> > a- 2 GW 2D -> cr^ 1 GW 2D GW 2D . (29) 

Note that each arrow might lead to different theories according to the choice of indices on which the reduction or 
extension are performed. For instance, T3 — > aT3 leads to a unique model whereas GWad ctGW^d — > <j 2 GW^d 
leads to two models and a~ 2 GW 2 £> <— <j~ 1 GW 2 d <— GW 2 r> leads as well to two models. A way to classify all these 
models might be to consider as belonging to the same family or class those having a common and initial matrix model. 
Being interested in the change of the propagator for these different theories, we have the following table: 



Matrix Rank 3 Rank 4 

a 2 GW iD : y/p + y/q aGWm ■ y/p + qi + q-i GW iD : pi + p 2 + q\ + q 2 

<tT3 : p+ y/q T3 : p + q 1 + q 2 <r~ 1 T3 p\ + p 2 + q\ + q 2 

GW 2D :p + q a- x GW 2D : p + q\ + qj <j- 2 GW 2D : p\ + p\ + q\ + q% 



IV. OUTLOOK 

The present work affords a link between different nonlocal renormalizable theories using tensor fields of rank > 2 
appearing in different field theory contexts (from noncommutative field theory to tensor models). It provides also a 
machinery in order to generate classes of models sharing the significant property to be renormalizable. 

Remarkably, the renormalizability of the T3 model can be understood from the fact that, its multi-scale analysis 
can be performed in the reduced matrix model ctT3 for which the propagator in a given slice i contains ^fq which 
allows to have a similar power counting of o 2 GW^d (of which the renormalizability holds from the one of GWio)- 
Furthermore, since GW2D is super-renormalizable [12], by introducing a set of propagators p + q? +e , e e [0,1/2], 
we find a continuum of theories interpolating between GWid for e = 1/2 and T3 for e = 0, all with the property 
from being super-renormalizable to being just-renormalizablc. Pursuing the propagator interpolation ps+ e + qi ; 
e' G [0, 1/2], we find another continuum of theories being all just- renormalizable leaving from T3 at e' — 1/2 to GW^o 
at e' = 0. The T3 model is, with this respect, "critical". One may also ask about the UV behavior of these classes of 
models. It can be shown that, all the models such that p5+ e 4- qi ; for e e]0, 1/2], are asymptotically free in the UV 
(see the appendix for a proof of this claim) and, at the end-point e = 0, the model becomes safe which corresponds, 
of course, of the well-known asymptotic safeness of the GW model in 4D PTjJTU]- In this sense, GW±d becomes 
"critical" . 

Finally, it would be interesting to provide a space-time representation to all these matrix/tensor theories, the same 



way that the GW model is defined by the action (18 1 as a field theory living on non-commutative M 4 . Since terms 
in in the propagator seem slightly awkward to translate as differential operators (introducing another type of 
nonlocality) , it seems more natural to work with the theories with linear propagator, for instance p\ + P2 + qi + 92 
for GW4D and p + qy + 92 f° r T3. Considering T3, one can write it naturally as a group field theory |3J on U(l) 3 
with the kinetic term given by the sum of the derivative with respect to each coordinate. Written as such, we lose 
a priori the relation with non-commutative field theory. However, one could similarly write the GW^d model as a 
group field theory on C/(l) 4 . From this perspective, it seems interesting to investigate in the future the relationship 
between non-commutative field theories of the Moyal-type and group field theories. A possible approach could be to 
push further the relation between the Moyal star-product and the non-commutativity based on group manifolds as 
investigated in [19]. 
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APPENDIX: ONE-LOOP ^-FUNCTION OF THE (p 5 +t -f qi )— MODEL 

We prove in this appendix that all the models with propagators of the form p^ +e +q^ , e s]0, 1/2] are asymptotically 
free in the UV. The calculation of the /3-function is made for e = 1/2 corresponding to the crT3 model. For the 
remaining models, the proof is totally similar. 

The /3-function is encoded in the ratio 

Aien = _r 4 (ooo i o )) (A1) 

where A rcn is the renormalized coupling (and so A stands for the bare coupling). T^m, n,p, q) is the amputated 



four-point function truncated at one-loop and which should be computed at zero external momenta in (A.l). Z is 
the wave function renormalization which should involve the subleading log-divergent term obtained after the Taylor 
expansion of the self-energy £ which is the sum of the amputated two-point functions truncated at one-loop. 

£ can be evaluated as in the ordinary situation [10] and involves two types of contributions called tadpoles "up" 
T+ and "down" T~ (see FigQ. 

We have 

S = A T+ + A T - =^[2V X -= + 2 V 1 . (A.2) 



9 






T+ T~ F 

FIG. 4. Tadpoles up T + and down T~ and four-point graph F. 



As noticed, S = S(m, so that evaluating <9 m £ or Q^S, we only collect the log- divergent part contributing to 
the wave function rcnormalization and this is 



Z — 1 — c? m S| m= o — 1 — AS* , 



s = zZ 



1 



To T4 contribute only a unique divergent four-point function F of the form given by Fig(4j We have 



1 A 2 



r i (m,n,p,q) = -\+--(2-2-2)J2 



1 



(m + vfc + fi) (p + + /u) 



(A.3) 



(A.4) 



Note that, at this level, the above model differs from the GW 4D model since more graphs contribute to the T4 
function in the latter inducing a combinatorial factor twice greater. 
We are in position to compute the /3-function: 



A 1 ' 



r 4 (o, 0,0,0) 



(-A + A 2 5) 
(1-XS) 2 



X + X 2 S. 



(A.5) 



Therefore f3 = +1 and <rT3 is asymptotically free in the UV as expected from [2]. In a similar way, all theories with 



propagator p 



-q 2 , e' G]0, 1/2] will be asymptotically free (once again, by the same reasons, T should be dropped 



because J2k l/(^ 2+e + /•*) is convergent and the same contributions of the four-point function are still convergent 
and should be neglected) whereas, at the end-point, e' = 0, the GW^d model becomes safe. 
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